Let a group G = AB be a weakly totally permutable product of subgroups A and B. The behaviour of soluble radicals in weakly totally permutable products is studied.
Introduction
All groups considered in this article are finite. Recall that a group G = AB is the totally permutable product of subgroups A and B if every subgroup of A permutes with every subgroup of B. We also say that the product G = AB is the mutually permutable product of subgroups A and B if A permutes with every subgroup of B and B permutes with every subgroup of A. These two types of factorisations were first considered by Asaad and Shaalan in [1] . A theory was developed and compiled in a book by Ballester-Bolinches et al. [2] . A group G = AB is a weakly totally permutable product of subgroups A and B if for every subgroup, U of A such that U ≤ A ∩ B or A ∩ B ≤ U, permutes with every subgroup of B and if for every subgroup V of B such that V ≤ A ∩ B or A ∩ B ≤ V , permutes with every subgroup of A.
In [6, Remark] , it was shown that the concept of weakly totally permutable products is strictly more general than that of totally permutable products and strictly less general than that of mutually permutable products. Hence the question is which results on totally permutable products can be generalized to weakly totally permutable? In [6] some results on totally permutable products in the framework of formation theory were extended to weakly totally permutable products. The aim of this paper is to study the behaviour of soluble radicals in a weakly totally permutable product. It shown in [5] that for totally permutable products, F-radicals of Fischer classes containing the class U of supersoluble groups have a nice property:
For F-radicals associated with a Fitting class Beidleman and Heineken [4] proved
that for a mutually permutable product G = AB, S(A) = S(G) ∩ A and S(B) = S(G) ∩ B where S(G) is the soluble radical of a group G. Using a counterexample[4, Example] they also showed that S(G) = S(A)S(B).
In this article we show that for a weakly totally permutable product G = AB,
S(G) = S(A)S(B):

Theorem 3.2 Let a group G = AB be a weakly totally permutable product of subgroups A and B. Then S(G) = S(A)S(B).
In order to prove Theorem 3.2 we prove the following lemma on mutually permutable products with core free intersection. 
Lemma 2.2 Let a group G = AB be a mutually permutable product of subgroups A and B. Assume that (A ∩ B) G = 1.Then S(G) = S(A)S(B).
Preliminary Results
Lemma 2.2. Let a group G = AB be a mutually permutable product of subgroups A and B. Assume that (A ∩ B) G = 1. Then S(G) = S(A)S(B).
Proof. We argue by induction on |G|. Note that by [4, Theorem 4] and [3, Lemma 1(ii)], S(A)S(B) = S((G) ∩ A)(S(G) ∩ B) is a normal subgroup of G contained in S(G). Let N be a minimal normal subgroup of G. Then by induction S(G/N) = S(AN/N)S(BN/N). Since S(G/N) = S(G)N/N and S(AN/N) = S(A)N/N we have that S(G)N = S(A)S(B)N. If S(G) = 1, then S(A)S(B) = 1 since S(A)S(B) ≤ S(G)
], S(G) = S(A)S(B).
So we may assume that S(A)S(B) = 1. Since S(A)S(B) is a normal subgroup of G, there exists a minimal normal subgroup of G such that N ≤ S(A)S(B). Then S(G) = S(A)S(B)N = S(A)S(B)
by induction and the result follows. Then, for a group G = AB which is a weakly totally permutable product of subgroups A and B, the following properties hold:
Main Results
1. If A and B belong to F, then G belongs to F.
If G belongs to F, then A and B belong to F.
Proof. 1. We have G = AB = A B = G ∈ F and the result follows.
2. Let G = AB be an F-group which is a weakly totally permutable product of subgroups A and B. We argue by induction on |G|. Assume that B G = G. Since B centralises A Í by Lemma 2.1, we obtain that A Í centralises B G = G and so A Í ≤ Z(G). This implies that A Í ≤ Z(A). It follows that A Í = 1 and so A ∈ U ⊆ F. By the hypothesis, we have that G = G = A B = AB and so B = B (A ∩ B) ∈ F by 1 since B is a totally permutable product of subgroups of B and A ∩ B ∈ F. Therefore we may assume that both A and B G are proper subgroups of G. Since B( B G ∩ A) = B G ∈ F we have that B ∈ F by the inductive hypothesis. Analogously, A ∈ F.
In the following result we show that the converse of Theorem 3.1 holds for the class of soluble groups. 
